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The quintic equation with real coefficients 

+ bax^ + ba^x + 6 = 

is solved in radicals and the result is used to sum a hypergeometric 
series for several arguments.. 



1 



We start with the general quintic equation (over the real numbers) 
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Y,ajx^=0 (1) 
j=o 

with as = 1. Using Victa's substitution, x = u — a/u with a ^ real, expand- 
ing and multiplying by , the resulting 10-th degree equation is solvable (in 
radicals) only for a\ = aa^ = 5a^, 02 = 04 = 0, in which case 

+ aoW^ - = 0. (2) 

By solving this quadratic equation (in u^) and extracting the fifth roots, after 
eliminating duplicates, we see that the roots of the De Moivre equation (writing 
b in place of ao) 

+ 5aa;^ + 5a^x + 6 = (3) 

are 

a;i = 2-1/5 [( 6)1/5 -(V^ + 6)1/5] 
X2 = -2-i/5[e^'/5(^ _ ;,)i/5 ^ e^^"\^ + 6)1/5] = xl 

X3 =2-i/5[e2"*/5(^- 6)1/5 + e3"*/5(y^ + 6)1/5] = a;;. 

7 = 4a5 + 6^ (4) 

(The asterisk denotes the complex conjugate.) 

By means of the Tschirnhausen transformation [1] y — x"^ + ax + (3 any 
quintic can be reduced to "principal" form + Ay"^ + By + C = 0. This can 
be carried out efficiently using Mathematica by means of the command 

Resultant[x^ + 5ax^^ + 5a'^x + b, y—{x'^+ax+P),x] which returns y^ + {10a — 
^P)y^ + (35a^ + 5aa^ — 40a/3 + lO0'^)y^ + ■ . ■ from which we easily determine 
a = y/a and (3 = 2a. Thus, the principal form for the De Moivre quintic is 

y5 + (5V^6 - ma^)y^ + 15a^y - {Qa^^^b + 22a^ + 6^) 0. (5) 

Jerrard[l] found that by means of a quartic Tschirnhausen transformation a 
principal quintic can be further reduced to the trinomial Bring form 

-z + t^O. (6) 

The details can be mechanized to some extent [2], but are still quite cumbersome. 
To present the result it is convenient to introduce the further abbreviations: a = 

8a5/2 - 6, /3 = 2a5/2 -b,S= 176a^ + 36a^^% - 9. Also do = 675(/3/a)(2a5/2 ^ 
b)a%, di = A/a, da = 25(/3/a)(8a5-3a5/26-62), ^3 = 75{/3/a)a'^/'^{16a^/'^+3b) 
and di = 75/3ai/2, where 
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16ai5/2 + 4a56 + 40^/252 + 



31/3q,^1/2 (/3y'3a3/2(ll„5/2 _ _ g„2^1/2)l/3 

(800a^^/2 - 318a^6 + 227a^/%'^ - 12ab% (7) 

The quantity A has six possible values, due to the choice of branches in the 
square and cube roots, so it takes a bit of experimentation to select the appro- 
priate one. 

Next, we require the coefficients 



Co 

a' 



c6'>3^2 or 

^--^[5625/3Vi(a, b) + — /3A/2(a, b) + 3a^/^A''{188a^ + 86a^/% + 96^)] 

(8a) 

rSrt 1/2 or 

ci = [5625/3V(«,&) + — /3A52(a,6) + 9a3A2(4a5/2 + 6)], (86) 

a* a 

where 

/i(a,6) = 2622464a35/2 - 133977601^6 + 1038280^^/252 ^ 218210ai°63_ 

173650^^/^6^ - 2858a^6^ + 2970^/^6^ - 6^ 
/2(a, 6) = 2090240^^/2 - 30616oi°6 - 345080^^/262- 
98a^6^ + 530o^/26^ - 6^ 
gi{a, b) = 1331200^^/2 - 835200^^6 + 26804a25/262 + 1789oi°62- 

10820^^/26* + 3860^6^ - 4805/26*5 + 6^ (9) 
52(a, b) = 11200o25/2 - 3656oi°6 - 7540^^/262 + 620^62 - 380^/26* + 6^ 

The result is that the roots of the Bring- Jerrard quintic 

z^-z + t = (10) 

with 

t = -e-"/*cocr'/^ (11) 

are 
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zj = e-'^l^c-^^^Y^dk(x] + v^xj + 20)^ (12). 

fc=0 

Now it has been shown by James Cockle[3] ( the first Chief Magistrate of 
Queensland) and others[4] that one of the roots of (10) is 

3125 

^0 = t AF^il/b, 2/5, 3/5, 4/5; 1/2, 3/4, 5/4; ^i')- (13) 
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Therefore, it has been shown that 

Qi oc; ^4 

4^3(1/5, 2/5, 3/5, 4/5; 1/2, 3/4, 5/4; - = 

4 

-— Vrffe(a;^ + \/^a;o + 2a)*' (14) 

where xq is one of the five values in (4). (Which one it is can be determined 
numerically). 

As a very simple example, let us take the case b = 2o^/^. Then the principal 
quintic (5) is already in Bring form, which is easily scaled by y = e™^^15^^^az 
into (6) with t = 44e-"/'^15-^/'^. Therefore, from (13) we find 

14641 

4^3(1/5, 2/5, 3/5, 4/5; 1/2, 3/4, 5/4; -^^) = 

^[(x/2 + 1)2/5 + (v^- 1)2/5 _ (V2 + 1)1/5 + (v^- 1)1/5]. (15) 

At the other extreme, the algorithm described here [5] produces formulas 
such as 

4F3 (1/5,2/5, 3/5, 4/5; 1/2, 3/4, 5/4; z) = Z 

where 



z = ((13+\/T82)2/3((789132/3+24713^/^\/T4)(13+v^)^/^+2275(13+Vl82)2/3- 

13^/^(6799 + 542\/l82))^)/(1521((-7132/3 + 313^/''\/l4)(13 + \/T82)^/^- 
161(13 + \/l82)2/3 + 13^3(133 + 10\/l82))5) 

and 

Z = (5((-7132/3 + 313i/^\/l4)(13 + VT82y/^- 
161(13+7182)2/^ + 
13i/^(133 + 10\/T82))(-3(-5 + y26)'^/^(13 + \/T82)i/-''(1103+3465(5+\^)i/5+ 
5355(5 + \/26)2/5 + 3780(5 + V26f/^)+ 
3(-5 + \/26)^/^(13 + \/T82)^/^(8872 + 1485\/26 + 4412(5 + \/26)^/^+ 
6930(5 + \/26)2/5 + 3780(5 + \/26)*/^) + (-5 + \/26)^/^(-142132/3+ 
14213^/^(13 + \/T82)2/3 + (13 + ^/l82)^/^(34114 + 5355\^+ 
13236(5 + \/26)(3/5) + 10395(5 + \/26)^/^- 
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9(5 + \/26)2/''^(-2797 + 180\/26))) - (-5 + V2Ef''''{-U2l'i^/^+ 

14213^/^(13 + ^/l82)^/^ + (13 + \/T82)^/^(33742 + 6480V26+ 

20790(5 + V^f'^ + 16065(5 + 

9(5+V26)^/^(2797+180\/26))) + (5+\/26)i/''^(142132/3-3309(5+\/26)3/^(13+yi82)i/3+ 

3(5 + V26)2/5(-8872 + 1485%/26)(13 + 7182)^/3 + 

(-34114 + 5355V26)(13 + V^f^ - 14213^/^(13 + v/T82)2/3 + 

2(5 + \/26)^/^(7113^/^ + (-16871 + 3240\/26)(13 + Vmif'^ - 7113^/^(13+ 

\/i82)2/3))))/(568(13 + \/T82)^/3((789132/3+ 

24713^/''\/l4)(13 + \/T82)^/^ + 2275(13 + \/T82)^/^ - 13^/^(6799 + 542\/T82))) 

Acknowledgement I am grateful to Prof. Victor Adamchik for help with the 
necessary Mathematica routines. 
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